Calculus Cheat Sheet

Derivatives
Definition and Notation

If y = f () then the derivative s defined to be f §(x) = lim M

If y=f(x) thenall of the following are
equivalent notations for the derivative.

If y=f (x)all of the following are equivalent
notations for derivative evaluated at x=a.

M=y =gr=g(10)=0r 00 ey =S -2 -ore)

I nterpretation of the Derivative

If y=1(x) then, 2. f4a) istheinstantaneous rate of
1. m=f{a) istheslope of the tangent changeof f(x) a x=a.
lineto y=f (x) at x=aandthe 3. If f(x) isthe position of an object at

equation of the tangent lineat x=a is

timexthen f((a) isthevelocity of
given by y=f (a)+ f4a)(x- a).

theobjectat x=a.

Basic Properties and Formulas
If f(x)and g(x) aredifferentiable functions (the derivative exists), ¢ and n are any real numbers,

1.(ch:chx) 5. g%@):o
¢_
2. (fxg)'=1qx)xgqx) 6. di(x”)znx”'l—Power Rule
fg)*=feg+f g¢—Product Rule X
(fa)'= d
7. —(t(a(x))= 4o (x)9%x)
af & fog- f gt dx
4, gg- —? —Quotient Rule Thisisthe Chain Rule
2]
Common Derivatives
d _ i - i x| = g%
&(x)—l dX(cscx) CSC X COt X dx(a ) a*In(a)
d y = i = 2 i *) = e*
5 (8inx) = cosx 5 (0otx) = - oc” x dx(e )=¢
d . d/. 2. 1 d 1
&(cosx)-- sinx &(sn 'X)= — &(In(x))-;, x>0
d e d/ .. 1 d -1
dx(tanx)-%c X &(coslx)- T dx(lnlxl) X' x* 0
d 1
- = t d - 1 —(1 = y 0
dX(secx) secxtan x &(tanlx)zlﬂ(z dX(OQa(X)) na x>
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Chain Rule Variants
The chain rule applied to some specific functions.

1. %(éf (x)g") = néf ()()gn»1 fq(X) 5. %(cosgf ): ([( )Slngf ( )t‘]

2. %(ef(X)) = f([(X)ef(x) 6. &(tangf H) )56[)2 gf (X)EI

3 %(Inéf(x)g): ff(((:)) 7. %(SBC[I‘(X)])‘f‘f(x)setft[(f(;()]tan[f(x)]
d (

4. S{angr () = 1 () cosg (¥ B {to g1 ()=

1+gf (x)p

Higher Order Derivatives
The Second Derivative is denoted as Then" Derivative is denoted as
2
te(x)= 10 (x) =97
X
f(x)= ( f ﬁ(x))( ,i.e. the derivative of the
first derivative, f x).

f(”)(x):‘i—: and is defined as
X

£ (x)= ( f(0-9) (x))¢, i.e. the derivative of
the (n-1)% derivative, f " (x).
Implicit Differentiation

Find y¢if €% +x’y* =din(y)+11x. Remembery = y(x) here, so products/quotients of x and y

will use the product/quotient rule and derivatives of y will usethe chain rule. The“trick” isto
differentiate as normal and every time you differentiate ay you tack on a y¢ (from the chain rule).

After differentiating solve for yt.

€% (2- 9yd) +3x%y* + 2x°y y¢= cos(y) y¢+11
267% - Qy@?* Y +3x%y? + 2x°y yb= COS( y) yo+11 b yt=
(2x°y- 967 - cos(y)) yb=11- 26 - 3xy*

11- 2% - 3x’y?
2y - 96 - cos(y)

I ncreasing/Decr easing — Concave Up/Concave Down
Critical Points

x=c isacritical point of f (x) provided either
1. fqc)=0 or2. f¢c) doesn't exist.

Concave Up/Concave Down
1. If f&x)>0 forall xinaninterval | then

f (x) is concave up on theinterval 1.
2. If f@(x)<0 foralxinaninterval | then

f () is concave down on the interval I.

I ncreasing/Decr easing
1. If fqx)>0 foral xin aninterval | then

f (x) isincreasing on theinterval |.

2. If £¢x)<0 foralxinaninterval I then
f (x) is decreasing on theinterval 1.

3. If f¢(x)=0 foralxinaninterval | then
f (x) isconstant on the interval 1.

Inflection Points
x=c isainflection point of f (x) if the
concavity changesat x=c.
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Extrema

Absolute Extrema
1. x=cisan absolute maximum of f (x)

if f (c)3 f(x)for all xin the domain.
2. x=c isan absolute minimum of f (x)
if f (c) £ f (x)for all xin the domain.

Fermat’s Theorem
If f(x) hasarelative (or local) extremaat

x=c, then x=c isacritical point of f (x).

Extreme Value Theorem

If f(x) is continuous on the closed interval
[a,b] then there exist numbers ¢ and d so that,
1. afc,d£b,2 f(c)istheabs max.in
[a,b],3. f(d) istheabs. min.in [a,b].

Finding Absolute Extrema
To find the absolute extrema of the continuous

function f (x) ontheinterval [a,b] usethe
following process.
1. Findall critical pointsof f(x) in [a,b].

Evaluate f (x) at all points found in Step 1.

2.
3. Evaluate f(a) and f(b).
4. ldentify the abs. max. (largest function

value) and the abs. min.(smallest function
value) from the evaluationsin Steps 2 & 3.

Relative (local) Extrema
1. x=c isardative (or local) maximum of

f(x) if f(c)3 f(x) for al x near c.
2. x=c isardative (or local) minimum of
f(x) if f(c) £ f (x) for al x near c.

1% Derivative Test

If x=c isacritical point of f(x) then x=c is

1. arel. max. of f (x) if fx) >0 totheleft
of x=c and f§x) <0 totheright of x=c.

2. arel. min. of f(x) if fx) <0 tothe left
of x=cand f §x) >Oto theright of x=c.

3. not areative extremaof f (x) if f¢x) is
the same sign on both sidesof x=c.

2" Derivative Test

If x=c isacritical point of f (x) suchthat

f¢c)=0 then x=c

1. isareative maximum of f (x) if f @(c)<O0.

2. isarelative minimum of f (x) if f &(c)>0.

3. may be ardative maximum, relative
minimum, or neither if f@c)=0.

Finding Relative Extrema and/or

Classify Critical Points

1. Findall critical pointsof f (X).

2. Usethe 1% derivative test or the 2™
derivative test on each critical point.

Mean Value Theorem
If f(x) is continuous on the closed interval [a,b] and differentiable on the open interval (a,b)

then thereis anumber a<c<b suchthat f¢c)=

f(b)- f(a)

b- a

Newton’s Method

f(x)

If x, isthen™ guess for the root/solution of f (x) =0 then (n+1)¥ guessis X,,, = X, - ——4&

provided fq(x,) exists.
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Related Rates
Sketch picture and identify known/unknown quantities. Write down equation relating quantities
and differentiate with respect to t using implicit differentiation (i.e. add on a derivative every time
you differentiate a function of t). Plugin known quantities and solve for the unknown quantity.

Ex. A 15 foot ladder is resting against awall.
The bottom isinitialy 10 ft away and is being
pushed towards the wall at +ft/sec. How fast

is the top moving after 12 sec?

Jr’“ “: 158

- =-l
x(is negative because x is decreasing. Using
Pythagorean Theorem and differentiating,
X +y* =15 b 2xx®+2yyt=0
After 12 sec we have x =10- 12(%) = 7and
S0 y=+/15°- 7% =+/176 . Plugin and solve
for yt.
7(- 1) ++/176 y¢=0 b y¢=4L ft/sec

V176

Ex. Two people are 50 ft apart when one
starts walking north. Theangleq changes at
0.01 rad/min. At what rateisthe distance

between them changing when q = 0.5 rad?
T Moving Person

Stationary Person

We have q(=0.01 rad/min. and want to find
x(. We can use varioustrig fcns but easiest is,

secq =X P secqtanq q¢:i(

50 50

Weknowq =0.5 so plugin q¢ and solve.
sec(0.5)tan (0.5)(0.01) :51(‘)

x¢=0.3112 ft/sec
Remember to have calculator in radians!

Optimization
Sketch picture if needed, write down equation to be optimized and constraint. Solve constraint for
one of the two variables and plug into first equation. Find critical points of equation in range of

variables and verify that they are min/max as needed.

Ex. We're enclosing a rectangular field with
500 ft of fence material and one side of the
field isabuilding. Determine dimensions that
will maximize the enclosed area.

Building

by
x

Maximize A= xy subject to constraint of

x+ 2y =500. Solve constraint for x and plug

into area.

A=y(500- 2y)
=500y - 2y*

Differentiate and find critical point(s).

A(=500- 4y b y=125
By 2™ deriv. test thisisarel. max. and so is
the answer we're after. Finally, find x.
x=500- 2(125) = 250
The dimensions are then 250 x 125.

x=500- 2y b

Ex. Determine point(s) on y = x* +1 that are
closest to (0,2).
? |(0.2)

(-xy %)

o
T L) T

Minimize f =d?=(x- 0)°+(y- 2)° and the

constraint is y = x* +1. Solve constraint for

x* and plug into the function.

¥=y-1b f=x+(y-2)
=y-1+(y-2) =y*- 3y+3

Differentiate and find critical point(s).

ft=2y-3 b =2
By the 2" derivative test thisis arel. min. and

so all we need to do isfind x value(s).

2 -3 =1 - 1
X¥=2-1=1 p x=z-1

The 2 points are then (%g) and ( N %)
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